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® QMC: Variational wave functions, imaginary time projection

Finite Size Corrections

@ Spectral properties (2DEG): Single-particle: n(k), Z, and m*
Density fluctuations: S(k,T), Wp

@ 3DEG, Na: Compton profile, n(k),and Z




Ground state energies and wavefunctions for
homogeneous (extended) Fermi systems (T=0)

@ Variational principle for ground state of a finite system:

Hamiltonian for N non-relativistic Fermions: ground state energy Eo:
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Improve many-body trial wavefunctions W (rq,rs, ..., 1ry)
- include explicit many body correlations in functional form

- stochastic improvement via Projector Monte Carlo (DMC,...)
(fixed node approximation to avoid sign problem)

® Thermodynamic limit: Ep(N) — Ep(c0)?
® more general observables:

momentum distribution: [ Excitation-energies (m*...)

ny ~ /dr1/dr'leik'm_rl)‘l’?}(r'p corN)Vp(ry,.orn) | [ Dynamical correlations

(S(k,w), energy loss ...)



Many-body trial wavefunctions for
Fermi systems

Y1r(R) = A(R) (\\1)[_('( R)]
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Antisymmetric part: Symmetric correlations:

Jastrow potential:

determinant of single particle orbitals

A(R)=C|etki (Pk(ri) U() = Z w(r;;) r's;

orbitals must be plane waves (homogeneity) %Z ULPLP L

b Fermi IIqUId structure k<kr electronic screening
single particle excitations k>kr '

L collective excitations (plasmonz

IMprovements Using ;.. K. Schmidt, M Kalos, and G.Chester, Phys. Rev. Lett. 46,728 (1981).
backflow and M. H, D.M. Ceperley, C. Pierleoni, and K. Esler, Phys. Rev. E 68, 046707 (2003)
many-body correlations M.H., B. Bernu, D. Ceperley Phys. Rev. B 74, 104510 (2006)




Exact calculations for finite systems (N~50-100)

(2DEG: homogeneous electron gas in 2D)

use exact projection in imaginary time (no fixed-node): W (j3) = exp|—FH |Vt
with different trial wavefunctions to estimate precision
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® fixed node approximation:

- numerically stable evaluation of U (3) = exp [-SHrn]| Ut

- fixed node energies variational



( Thermodynamic limit extrapolation: Energies J

S. Chiesa, D.M. Ceperley, R.M. Martin, and M. H., Phys. Rev. Lett. 97, 076404 (2006)

phenomenological: extrapolate always bigger systems with PBC...
E(L), E(2L), E(4L),..., => E(o0) L: size of system

or.

ZA ’m”/ +ZLI ,[SL ) =

@

dPk K dP PPN S
o / (27) I8, )nzi + ] )F-)D (A)[‘SX(A) o l]

-} finite size errors are integration errors

-} singularities/non-analytic points dominate size errors



Thermodynamic limit extrapolation:
Potential Energy - Coulomb singularity (3D)
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@ Coulomb-potential:

r
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@ Sumrules: lim S(k) =
k—0 mep

wy = \/nuik?/m  (plasma frequency)
4 )
-} Size corrections for potential energy:
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[What is with kinetic energy?]




Thermodynamic limit extrapolation:
Kinetic Energy - Shell effects and Coulomb singularity

kinetic and potential energy
corrections strongly related!
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Coupling constant integration:

Analyze wave function:
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TwistAveragedBoundaryConditions - k-point average Up X E

GC -TABC: impose Fermi surface (N varies) JRS =kinetic energy corrections)

O general analysis (RPA); M.H., B. Bernu, D. Ceperley, J. Phys.: Conf. Ser. 321 012020 (2011)



[ Correcting Finite size errors: j

3DEG: total energy E/N atomic hydrogen:
rs=10 metallic, BCC, rs=1.31
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FIG. 2 (color online). Electron gas variational energies per r'POInt
particle at r, = 10 using periodic boundary condition (PBC) ' '

and twist-averaged boundary condition (TABC). Ay = ATy + ' . 0.03 0.04 0.05
AVy = hw,/2N (see text for the definition of ATy and AV)). /N

Error bars are smaller than symbol size.

virial theorem = pressure corrections!




Momentum distribution n(k):
Periodic vs Twist Averaged Boundary Conditions

GC: Grand canonical twist averaging (k-point sampling)

Slater det. with plane-wave occupation up to kr for each twist
4 )

momentum distribution:

g ~ /dr1 / drh ™ T (¢ e ) Up(ry, .. Ty)
\_ J
2DEG: r=10, n(k) vs k|, PBC compared with GC Fe rmi quUid Stru Ctu re:

vaure np = Z0(kp — k) + gk
GoNoas

gk: continuous function
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[ Momentum distribution n(k) (2DEG) |
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n(k=kr): strong size effects!
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Theory of finite size effects:

WYN~Dnexp[- 2« ukyQ(p-k] —> Yoo~ Doexp[- [ dk ukprp-k]
/

Slater determinant:  Jastrow potential: neglect mode-coupling (RPA):
single particle modes  collective modes  analytical extrapolation for N=00 possible

L (exact for longrange properties)




Renormalization factor Z (2DEG):
jump at kr: correcting size effects

M.H., B. Bernu, V. Olevano, R.M. Martin, D.M. Ceperley, Phys. Rev. B 79, 041308(R) (2009) .
finite size correcions:
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FIG. 10. (Color online) VMC renormalization factor Z against
number of electrons N for paramagnetic 2D HEGs at r,=10 a.u.




( Effective mass m* (2DEG) )

single particle/ hole excitations with momentum k and energy Ei
energy differences at kr gives effective mass m*:

e m—l)(k—kF)+...

E) = 2k (—
4

2m
big size effects, similar to Z, but more difficult! non-analytic (log) behavior

expected
-+ QMC
" e QMC corrected
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Effective mass m* and Z in thermodynamic limit
comparision with RPA theories (2DEG)

M.H., B. Bernu, V. Olevano, R.M. Martin, D.M. Ceperley, Phys. Rev. B 79, 041308(R) (2009) .

Z VS Is mM*/m Vs rs

QMC re+
QMC: assuming 1/N size-extrapolation (Conti) @
RPA
G (local field factor: charge density fluctuations)
G, + G_ (charge and spin density fluct.)
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RPA: H.-J. Schulze, P. Schuck, and N. Van Giai, Phys. Rev. B 61, 8026 (2000)
G+,G-: R. Asgari, B. Davoudi, M. Polini, G. Giuliani, M. Tosi, G. Vignale, Phys.Rev. B 71, 045323 (2005).

@isagreement for m* with N.D. Drummond and R.J. Needs, Phys. Rev. B 80, 245104 (2009) and PRB 87, 045131 (2013)




Imaginary Time Dynamics:
Density Fluctuations

[ dynamic J
structure factor
0)

Imaginary time correlations:

Usual fixed-node propagator (static nodes) gives wrong dynamics

+ Use restricted path integral representation:

Correct dynamics if time-dependent nodes correct




Imaginary Time Dynamics: TEST
Ideal Fermi gas

exact —
Fixed-node ===
Restricted path -

exact




Imaginary Time Dynamics (2DEG):
Plasmon Excitations

M.H., S. Moroni

ectron gas: rs=10 (N=26):

sharp (plasmon) peaks ..
in reconstructed S(k,w) A

® . electron-hole
: continuum

2

2 m omega/kg




M.H., B. Bernu, C. Pierleoni, J. McMinis, D.M. Ceperley,V. Olevano, L. Delle Site, PRL 107, 110402 (2011) (2011).

1.0

from analytical expressions of V:
exact behavior of ni around kr

Quantitative agreement of QMC with GoWo
over broad density region | <rs<5...10)
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renormalization factor Z

3DEG: Renormalization Factor Z

BF-RMC $ r QMC: BF-RMC +@-
SJ-VMC |0.894(9)|0.82(1) . . 3 QMC: BF-VMC *@-

L
| QMC: SJ-VMC @+
H At 0’86(1) 0.78(1) . - 3 QMC: Ortiz and Ballone (1994) ©

GoWo [25] | 0.859 | 0.768 . ) ' ) o REA -
GWo [26] 0.804 ~' . . experiment: Na »@
GW [27] 0.846 % 06 ~. e 8 °

Lam [28] | 0.896 | 0.814 s
RPA([28] | 0.843 | 0.700 £ o.af o

]
SJ-DMC [6]| 0.952 | 0.889

[25] L. Hedin, Phys.Rev. 139, A796 (1965).
[26] U.von Barth, B. Holm, PRB 54,8411 (1996).
[27] B. Holm, U. von Barth, PRB 57,2108 (1998).

[28] J. Lam, PRB 3, 3243 (1971).
[6] G. Ortiz, P Ballone, PRB 50, 1391 (1994).
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Momentum distribution of Jellium (3DEG) and sodium:

GoWo, QMC, experiment...
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S. Huotari, J. A. Soininen, T. Pylkkédnen, A. Titov, A. Issolah, K. Himéldinen, J. McMinis, J. Kim, K. Esler,
D.M. Ceperley, M. H., and V. Olevano, Phys. Rev. Lett. 105, 086403 (2010).

valence electrons in Na = 3DEG

| e—— W

@ Na:very isotropic valence band

© spherical Fermi surface: anisotropies around kr <=0.2%

J

momentum distribution can be measured
via inelastic X-ray scattering
(Compton profile)




&

high energies (synchrotron): |
impulsive approximation

do (da)Th S(k, w) S(k,w)

/

scattering cross section:

dQdw, dQ

dynamic structure factor ~ Compton profile

-

spherical averaged Compton profile
Jg)= | dpn(p)
q

§ | momentum distribution n(k) by differentiation

renormalization factor Z gives kink

J




[J(+q)+J(=q)]/2 (1/p,)

Valence electron Compton profile of Na:
experiment
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subtract contribution
of core electrons
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FIG. 2 (color online).
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The measured x-ray-scattering spectra
from Na as a function of energy transfer, for both experimental
runs. The experimental spectra consist of overlapping valence
and core contributions. Theoretical core contributions are shown
for both QSCF and FEFFQ treatments.
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discontinuity in the slope at ke:
direct measurement of Z and ke
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momentum distribution of Na
renormalization factor Z of 3DEG at rs=3.99

QMC and GoWy indicate

<-> gl\a/C SJ - that bandstructure and correlation effects

-<>$<> % & O Eipoeriment run1 | factorize at ke
' g ¢ A Experiment run 2
—+—LDA 1 3G=0 12
# ldeal Fermi gas [ gNa - | p:l’kFl ZkF

4] Pr=049au—» CNa _ / \

LDA bandstructure wfn-coeff. ZNa= Z3DEG

| hd é %MwL -
0.4 O 5 0.7 Technique Ne

p (a.u.) Experiment 0.57(7) 0.58(7)

QMC SJ 0.68(2) 0.70(2) 0.69(1)
FIG. 1 (color online). The momentum distribution of Na de- | QMC BF 0.66(2)
termined by experiment, QMC SJ, G, W,, and LDA calculations. | GoWy 0.64(1) 0.65(1) 0.64 [2]

The ideal-Fermi gas step function is also shown. GW [6] 0.793
RPA (on shell) T 0.45

e 41 |comparision with| °>°
valence electron density: EPX [8] P 0.61

Lam [5] 1 0.615
-3.99 theories

FHNC [7] 0.71
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Summary and Outlook

QMC-calculations of E, n(k), Z, m*, ...:

Importance of thermodynamic limit extrapolation
QMC calculation of m* for the 3DEG, Na, ...

Differences in Compton profile of sodium:
Final state effects, core electrons, phonons!?

Imaginary time dynamics:
Spectral properties, conductivity, ....
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B. Bernu, D. Ceperley, S. Chiesa, K. Esler, J. McMinis,
J- Kim, S. Moroni,V. Olevano,...
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